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We study a 5d gravity theory with a warped metric and show that two N = 2 supersymmetric quantum- 
mechanical systems are hidden in the 4d spectrum. The supersymmetry can be regarded as a remnant of higher- 
dimensional general coordinate invariance and turns out to become a powerful tool to determine the physical 
4d spectrum and the allowed boundary conditions. Possible extensions of the N = 2 supersymmetry are briefly 
discussed. 
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I. INTRODUCTION 



Over the past decade a considerable number of studies 
have been made on gauge/gravity theories with extra dimen- 
sions. In gauge-Higgs unification scenario, extra components 
of gauge fields play a role of Higgs fields (EflHll&@,|2L& 
SDH Eh- Attractive models of grand unified theories (GUTs) 
on orbifolds have been constructed, avoiding common prob- 
lems of four-dimensional GUTs Gl E H 01 El- Hig- 
gsless gauge symmetry breaking can be realized via bound- 
ary conditions of extra dimensions lfl7l [l8l [l9l l2fjl l2ll I22I 
l23l l24l l25l l26l l27l l28ll and a large mass hierarchy can natu- 
rally be obtained in this scenario lTl7ll . A higher dimensional 
scenario with a warped geometry has been proposed to solve 
the hierarchy problem by Randall-Sundrum [29]. In the sce- 
nario, all scales except for the scale of gravity are reduced 
to the weak scale by a warped factor. According to this sce- 
nario, various attempts have been made to construct realis- 
tic models 122l l23l I30L l3ll 13211 . Randall and Sundrum have 
also proposed a mechanism to localize gravity in the vicin- 
ity of a brane jl33l] w hich has attracted enormous attention 

In constructing realistic models with extra dimensions, the 
spectrum of light Kaluza-Klein (KK) modes becomes impor- 
tant if those masses are accessible to future collider exper- 
iments. Thus, it will be worthwhile investigating what are 
characteristic features of the 4d spectrum of KK modes com- 
ing from extra dimensions. A related subject to study is to 
clarify the cancellation mechanism of divergences in loop cor- 
rections. Mass corrections to extra components of gauge fields 
are found to be finite at least at one-loop order. The finiteness 
is very important because finite quantities can be considered 
to be predictions of higher-dimensional theories though they 
will not be renormalizable. The cancellation of would-be di- 
vergences has not been, however, understood fully yet. 1 In 
a 4-dimensional point of view, the cancellation of divergences 



seems to be mysterious because it occurs only after all mas- 
sive KK modes are taken into account. If we truncate massive 
KK modes at some energy, the cancellation becomes incom- 
plete. Furthermore, the cancellation still occurs even when 
gauge symmetries are broken via orbifolding, the Hosotani 
mechanism, or boundary conditions. Therefore, it would be 
of great importance to reveal nontrivial structure hidden in the 
spectrum of KK modes and interactions between them. 

A secret of gauge theories with extra dimensions has been 
uncovered in l!44ll . 2 It has been shown that an N = 2 super- 
symmetric quantum-mechanical system [46] is hidden in the 
4d spectrum of any gauge invariant theory with extra dimen- 
sions. The N = 2 supersymmetry can be regarded as a rem- 
nant of the higher-dimensional gauge invariance. Our purpose 
of this paper is to extend the analysis of [44] to the 5d gravity 
theory with the Randall-Sundrum metric and show that two 
N = 2 supersymmetric quantum-mechanical systems are hid- 
den in the 4d spectrum of the model. A part of the supersym- 
metric structure has already been pointed out in the literature 
lf38L l47ll . Those authors have noticed that the Hamiltonian 
of the mass eigenfunctions for massless/massive 4d gravitons 
can be written in a supersymmetric form H = D^D. They have 
not, however, found its superpartner in the system and also 
missed another N — 2 supersymmetric system. The authors 
have used supersymmetry mainly as a technical tool to solve 
the eigenvalue equations, especially the zero modes. In this 
paper, we show that the mass eigenfunctions for the metric 
fluctuation fields are governed by two quantum-mechanical 
systems with full N = 2 supersymmetry, and further show that 
the supersymmetry can be a powerful tool to determine the 4d 
spectrum and the allowed boundary conditions. 

This paper is organized as follows. We consider a 5d pure 
Abelian gauge theory with a warped metric in Section[Tl] The 
results are not new but the purpose of this section is to show 
differences as well as resemblances between the 5d gauge the- 
ory and the 5d gravity one clearly. In Section [TTTJ we inves- 
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2 Howe et al. |45] discussed an N = 2 worldline supersymmetry for a realis- 
tic spin N/2 particle and succeeded to present field equations for massless 
and massive antisymmetric tensors in arbitrary space-time dimensions. The 
N = 2 worldline supersymmetry seems to have some connections to the 
N = 2 supersymmetry found in l44h , but a direct relation between them is 
not clear. 
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tigate the 5d gravity theory with the Randall-Sundrum metric 
and discuss the supersymmetric structure, allowed boundary 
conditions compatible with the supersymmetry, and the phys- 
ical spectrum in detail. Section [IV] is devoted to conclusions 
and discussions. 



II. 5D PURE ABELIAN GAUGE THEORY 

In JH, it has been shown that any gauge invariant the- 
ory with extra dimensions possesses a quantum-mechanical 
supersymmetric structure in the spectrum of the KK modes. 
Following the analysis given in 14411 . we consider the pure 
Abelian gauge theory with a single extra dimension. All the 
results in this section are not new but the purpose to derive 
them is to make differences as well as resemblances clear be- 
tween the 5d gauge theory and the 5d gravity theory discussed 
in the next section. 

Let us consider the 5d pure Abelian gauge theory with a 
single extra dimension compactified on an interval 

s = J d 4 x &zV=g\-\g mn g kl f uk f nl } . (mi) 

We choose the background metric as 3 



ds 2 =e 2A(z) (T7 M vdx^dx v + dz 2 ) with A(z) = -In 




(H.2) 

The metric describes the warped geometry in the conformal 
coordinate discussed by Randall-Sundrum B29l 13311 and will 
also be used in the next section. The x^ (p, = 0, 1,2,3) are 
the 4-dimensional Minkowski coordinates and z is the extra 
dimensional one. The extra dimension has two boundaries at 
z — zi and zi- The boundary conditions for the gauge fields 
will be determined later. 

It follows from Eq. (III.2b that the 5d metric Gmn has the 
form 

Then, the action dll. It reduces to 

S = J d*xf\ e A {-^V%p^va - ^FfoFysX 
= j d A x jfdz^j-A^ [^ v (n + (d z +A')d z )-d^d v ]A v 
- U^+A'^As - l -A 5 d^d z A^ + ^AsDAjj, 

(H.4) 

where □ = d^d 11 and at the second equality we have inte- 
grated by parts and ignored boundary terms. To obtain the 4d 



3 T] MV = diag(-l,l,l,l). 



spectrum, we expand An(x,z) and As(x,z) as 

A tl (x,z) = 1 £4\x)f^(z), (11.5) 

n 

A 5 (x,z) =£4 n) (z). (H.6) 

n 

The mode functions /W and are taken to be the eigen- 
functions of the Schrodinger-like equations 

D t D/W(z)=m2/W( z ), (E.7) 

DrtgW(z)=m 2 n gW(z), (H.8) 

where 4 

D = d z , D f = -(d z +A'(z)). (H9) 

Although the above notation for D and D y seems to be strange, 
= — (d z +A') is actually hermitian conjugate to D = d z with 
respect to the inner product 5 

(y\(p)= [ Z2 dze A y(z)*(p(z). (11.10) 

We note that the factor e A comes from the expression of the 
action (HL4t . Therefore, as was shown in J44ll . the equations 
( 1II.71 I and ( III. 8b can be unified into a supersymmetric form 

H¥"\z)^m 2 n ¥ n \z), (11.11) 
where H is the Hamiltonian 

»- (7 oo) -«.*> 

and the supercharges Q, are defined by 

a-(SS). ^ -(!!?)■ <™> 

These operators act on two-component vectors 

*(*)=($j) (H.14) 

with the inner product 

(¥, |¥ 2 ) = f dz e A {/r (z)/ 2 (z) + g\ (z)g 2 (z) } . (II. 15) 

It follows that the eigenvalue m 2 for /W and |W is doubly 
degenerate except for mo = and that they are related each 
other as 

D/M(z)=m„g«(z), 
rtgW(z) = m n f ( - n Xz), (11.16) 



4 We will use the notation; A'(z) = gjA(z),A"(z) = £iA(z), etc. 

5 Precisely speaking, to justify the statement we have to specify the boundary 
conditions which assure that no boundary terms appear in integration by 
parts. This will be verified later. 
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or equivalently, 



Q 



f {n) (z) 




n) (z) 





m„ l j(n) 



(11.17) 



with appropriate normalizations. 

It should be emphasized that the existence/nonexistence of 
the zero mode depends on the boundary conditions at z = Zi, 
Z 2 . It follows from the analysis in JH JH |H |H that only 
the following types of boundary conditions are compatible 
with the supersymmetry: 



Type (N, N) 
Type (D, D) 

Type (N, D) 
Type (D, N) 



U/(zi) = ^/( Z2 )=0, 
|*(zi)=*(Z2) = 0, 

I7(zi)=/(z 2 )=0, 

\(a+A')g(zi) = (a+A'Mz 2 ) = o, 

U/(zi)=/(z 2 )=0, 
\g(zi) = (d z +A')g(z 2 )=0, 

{f(zi) = d z f(z 2 ) = 0, 
\(d z +A')g(zi)=g(z 2 )=0. 



(11.18) 



(11.19) 
(11.20) 

(11.21) 



We then find that with the boundary conditions the Hamilto- 
nian H is hermitian and the supercharges Q, are hermitian 
conjugate to each other, as announced before. We should note 
that Q x V{z) and Q lx V{z) satisfy the same boundary conditions 
as ^(z), otherwise the supercharges would be ill-defined. 

The zero mode solutions with mo = 0, if exists, should sat- 
isfy the first order differential equations 



d z f i0) (z)=0, 

(a+AV 0) (z) = o. 

The equations are easily solved as 

/ (o) (z)=c (o) ) 
g^(z)=C'(%- A ^ ) 



(11.22) 



(11.23) 



where and C'^ are normalization constants. The solution 
f{0) obeys only the type (N, N) (type (D, D)) boundary 
conditions. Therefore, the zero mode with mo — exists for 
f(0) (g(0)) w j tn tne t yp e (n, N) (type (D, D)) boundary condi- 
tions, and there is no zero mode for other boundary conditions. 
The results are summarized in FIG[T] 

Inserting the mode expansions (III. 5b and (III. 6b into the ac- 
tion ( III.4l i and using the orthonormal relations of the mode 
functions with the relations dII.16t , we have 



j d X^yJ^ m 



(11.24) 



where 



(0K 2 



(OK 2 



4W) 
o 



for Type (N, N), 
for Type (D, D), 
for Type (N ,D) or (D, N), 
(11.25) 



m/0 



(n) 



d v A 



M\2 



1 



,(») 



1 



^A 5 



(><) 



(11.26) 



We should make a few comments here. The 4d gauge sym- 
metry is broken except for the type (N, N) boundary condi- 
tions because there is no massless vector for other boundary 

conditions dTlL EM EH H3, HB H3, HH H3, HH HE H1L HI]. 

The modes a!"' (n ^ 0) appear in the action only in the com- 
binations A^ — -^-d^A^. This implies that Aj for n ^= 

in) 

are unphysical and can be absorbed into A^ by gauge trans- 
formations, which are called the unitary gauge. On the other 

hand, the zero mode a1 ' for the type (D, D) boundary condi- 
tions cannot be removed from the action, so that it is a physical 
degree of freedom. 



III. 5D GRAVITY WITH RANDALL-SUNDRUM 
BACKGROUND 

In this section, we investigate the supersymmetric struc- 
ture of the 5d gravity theory with the Randall-Sundrum back- 
ground metric ll29l l33ll in detail. The analysis will make dif- 
ferences as well as resemblances clear between the 5d gravity 
theory and the 5d gauge theory discussed in the previous sec- 
tion. 



A. Set up 

We consider a five-dimensional braneworld gravity with a 
single extra dimension compactified on an interval [29] 6 : 



S= d 4 x / " dzV^G(M 3 R-A) 



+ / d 4 *V-£uv(-Ouv) + / d 4 V-£iR(-0iR) 



=Z2 

(m.i) 



where z, (i — 1 , 2) are the locations of the two branes, and 
M is the five-dimensional Planck scale. The g~J (g 1 ^,) is the 



' In this paper, we use the convention: 



1 MN ■ 



G ab (9n Gbm + 9m Gbn — 9b Gmn ) , 



K LMN — df^^LN dN^IM^^U^AM ^LM^NA' 
Rmn = ^ MAN- 



4 





/( 2, 




g{*) 




f(2) 

— : 






g' 2 ' 


7772 
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7772 




4- 
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/(I) 






g {1 > 


mi 
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777! 




f - 
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ff (0) 







f - 
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(a) Type (N, N) 



(b) Type (D, D) 



(c) Type (N, D) 







/( 2, 




s |2 > 






- 4 — - - 












- 4 1 - - 





(d) Type (D, N) 



FIG. 1 : A typical spectrum of /W and gW . A zero mode (g(°) ) appears for the type (N, N) (type (D, D)) boundary conditions, while there 
is no zero mode for other boundary conditions. All nonzero modes are doubly degenerate between /W and gW, 



metric induced on the UV (IR) brane. The bulk cosmological 
constant A and the brane tensions (7tjv an d &IR are tuned to 
give the warped metric 

ds 2 = e 2A ^(i 1 ^ v dx' 1 dx v + dz 2 ), (111.2) 

where 



A(z) = -In 




1= FEE 

Zl V 12M3 ' 

12M 3 

o-uv = -^ir= ■ (ni.3) 

Here, the location of the UV brane is chosen such that the 
warp factor is set to equal to 1 on the UV brane (z = Zi). 

B. Quadratic Action 

We investigate the gravitational fluctuations around the RS 
background solution dIII.2) : 

ds 2 = e 2A (Tj M 7V + W)dx M dx A '. (III.4) 

The action is invariant under infinitesimal general coordinate 
transformations 

x M ^x M + ^ M (x) (111.5) 



which are translated into the transformations of the metric 
fluctuations 

hpv-thpv-diiZv-dvZu-lA'ZsTliiv, (HI.6) 
hus-^hfis-d^-dn^s, (HI.7) 
h 55 ^h 55 -2(d z +A')&. (111.8) 

One might expand the fluctuation fields Jimn(x,z) as 

v^2)=i4vW/ (n) (z), 

n 

h^{x,z)=Yh [ ;h)S {n) {z), 

n 

h 55 (x,z)=^^yk (n) (z) 

n 

with some definite boundary condition for each mode function 
of f(")( z ) 7 |W(z) and U">(z). It turns out, however, that the 
last term in Eq. dIH.6b is incompatible with the above mode 
expansions. The compatibility between the general coordinate 
transformations dIII.6t - dIH.8l ) and the mode expansions leads 
to the following parameterization of Jimn- 

h M N = ( h ^ v ~ kl E\ ■ (HI.9) 

V "5v <P ) 

Then, the quadratic action of the metric fluctuations is found 
to be of the form 



=M 3 j d 4 x£dze 3A |i/2 MV ^ v; '' (J / !pCT + 2/ V5 ^ 5; '' 5 / 1p 5 + i^ ; « 







(III. 10) 
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where 

+ l(r 1 P v dPd a + riP a dPd v ) 

+ I( T jMP T jVff + T jMff T jvp_2 T j/»v TJ p«Tj( n + ^ + 3A /j^ ) 

K** = ^0-^(d z +A')(d z +2A'), 
^ V; " 5 = -i(TjW5 v + Tj v P^-2Tj' iV ^)(^ + 3A'), 

K nv# = lri^ v (d z + 3A')(d z +2A'), 
K $-P° = l rj P°(d z +A')d z , 
K»W =~d»{d z + 2A'), 

K <t>;p5 = -ldP(d z +A'). (lll.ll) 

I 



This expression is consistent with the result given in ll5Tll up to 
boundary terms, which are irrelevant in our discussions, and 
also with the equations of motion for the metric fluctuations 
inJU. 

As we will see later, the general coordinate transformations 
are compatible with the mode expansions 

M*,*) = Ea$(*)/ w (z), 

n 

M*>z) = L^5Ms (,,) (z), 

n 

«K*,z) = £4> (B) M£ (ffl) (z) (ni.i2) 

n 

with a definite boundary condition for each fluctuation field. 
The mode functions /W, g("\ k> n > should be chosen to be 
the mass eigenstates or to diagonalize the quadratic action 
( MI. 101 ). It turns out that they have to satisfy the following 
Schrodinger-like equations: 

-(d 2 + 3A'd z )f^(z) =m 2 n fW(z), (HI. 13) 

-{d 2 + 3A'd z + 3A")g (n \z) =m 2 ng W(z), (111.14) 
- (d 2 + 3A'd z + 4A")&\z) = m 2 n k { - n \z). (III. 15) 

Surprisingly, we will find later that the mass eigenvalue m n is 
triply degenerate for /W, and except for zero modes. 
We should make a comment on delta-function potentials that 
would appear at the boundaries in the above equations. Since 
we take an interval picture with two boundaries at z = Z\,Z2, 
the contribution of the delta-function potentials should be ab- 
sorbed into the boundary conditions for /W '(z),g^ n '(z) and 



k( n '(z), which will be derived consistently from a supersym- 
metric point of view in the subsection III.D. 

C. Supersymmetry 

In this subsection, we show that a quantum-mechanical su- 
persymmetric structure is hidden in the 4d spectrum. To this 
end, let us first consider the eigenfunctions /W and g^ n >. The 
supersymmetric structure will become apparent if we express 
the equations dIII.13t and dIII.14) into the form 

D + D/W(z)=m2/W(z), 
DDtgW(z)=m 2 n gW(z) (HI. 16) 

with 

D = d z , D f = -(<?- + 3A'). (IH.17) 

If is the hermitian conjugate to D, two functions and 
form an N = 2 supersymmetry multiplet. This is indeed 
true with respect to the inner product 

(W\cp)= r 2 dze 3A v/(z)>(z) (111.18) 

with the boundary conditions 

^/W(z)=gW( z )=0 at z = zi,z 2 . (IH.19) 

The factor e 3A in Eq. dIII.18l l is required because of the pres- 
ence of it in the action ( IIILlOb . whose origin comes from the 
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nontrivial metric dHI.2b . The boundary conditions dIH.191 ) turn 
out to be compatible with supersymmetry and will be derived 
in the next subsection. 

To rewrite the system into the N = 2 supersymmetric form, 
we introduce two-component vectors 



and 



r(z) 



(111.20) 



where they are assumed to obey the boundary conditions 
dIII.191 ). The inner product of (z) and ^(z) is defined by 

(^1^2) = (% e 3A {.ft(z)f 2 (z) +g\(z)g 2 (z)}. (IH.21) 
Jz\ 

Then, the Hamiltonian and the supercharges are given by 
r rfD 



H = 



DD^ 



and 



^ [dot u loo 



Cm.22) 



(111.23) 



We further introduce the operator (— \) F with F being the 
"fermion" number operator as 



(-1)' 



1 

-1 



(111.24) 



It is easy to show that the operators H, Q, Q} and (— 1 ) F form 
the N — 2 supersymmetry algebra 

{e,e} = {e + ,e + }=o, 
[e,//] = [e + ,//]=o, 

{e,(-i) F } = {e t ,(-i) F }=o. (in.25) 



With respect to the inner product dIII.21t and the boundary 
conditions (lHI.19b . H and (— 1) F are hermitian and Q y is the 
hermitian conjugate to Q, and vice versa. Since (— 1) F com- 

(n) 

mutes with H, we can have simultaneous eigenfunctions "P^. 
of Hand (-1) F as 



(_l)^W =± ipW, 



(111.26) 



Because of supersymmetry, *¥ + is related to W_ , with ap- 
propriate normalization, as 

gt«j/M =mf! vj/W_ (m.27) 
In terms of the component fields /W and g( n \ we can write 

^=( f v), ^ = (1) CDDL28) 



(111.29) 



It follows that /W and ( or form a supersymmetric 
multiplet except for the zero mode with mq = 0. 

Let us next proceed to the analysis of a pair of the eigen- 
functions and fcW. One might expect that gW and fcM 
could not form a supersymmetry multiplet because, if so, the 
mass eigenvalue m n is triply degenerate between /W, 
and few but supersymmetry allows only even numbers of de- 
generacy between "bosonic" and "fermionic" states. Surpris- 
ingly, it turns out that and fcW actually form a super- 
symmetry multiplet and that the spectrum can be described 
by another N = 2 supersymmetric quantum-mechanical one. 
A key observation is that the second differential operator 
— {d 2 + 3A'd z + 3A") in Eq. dIII.14t can be expressed in two 
supersymmetric ways: 



-{d 2 + 3A'd z + 3A")=Drf 
— StB, 



(III. 30) 



where D and are defined in Eq. dIII.17b . while D and are 

D = d z +A', D f = -(d z + 2A'). (IH.31) 



To verify the relations ( IIII.30b . we will use the identity (A') 2 = 
A". A crucial point is that is the hermitian conjugate to D 
with respect to the inner product dIII.181 ) and the boundary 
conditions dIII.191 l for g^(z). The relation (IIII.30I ). however, 
seems strange because a zero mode with niQ = has to 
satisfy both of the equations 



D yo) 



: and A? (0) = 



This is impossible because and are the first differen- 
tial operators so that any (nontrivial) solution to D T g^ = 
cannot satisfy the other equation Dg^ = 0, and vice versa. 
A loophole in the above argument is that the eigenfunctions 
g( n ) have no zero mode with m$ = 0. The boundary condi- 
tions ( IIII. 19b for (z) actually forbid any nontrivial solution 
to£>y°) = 0andS/°) =0. 

The supersymmetric structure forg'"' and fcW will become 
apparent if we express the equations (IIII. 14b and (IIII. 15b into 
the form 



DW^(z)=m 2 n gW(z), 
DD^k {n \z)=m 2 n k i - n \z). 



(III. 32) 



To rewrite the system into the N = 2 supersymmetric form, 
we introduce two-component vectors 



*(z) 



g(z) 



(111.33) 



with the inner product 



(*i|*2>= / dze 3A {gt(z)g 2 (z) + k$(z)k 2 (z)} (111.34) 
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with the boundary conditions 

g(z) = (d z +2A')k(z)=Q at z = Zi,z 2 - (HI.35) 
Then, the Hamiltonian and the supercharges are defined by 
f T$D 



H 



Dtf 



and 



^ [d or ^ loo 



(111.36) 



(in.37) 



We further introduce the operator (— 1) F with F being the 
"fermion" number operator 



(-l) F = 



1 

-1 



(m.38) 



As before, the operators H, Q, Q\ {— \) F satisfy the N = 2 
supersymmetry algebra. The eigenfunctions,^") andfc^ form 
a supersymmetry multiplet and are related each other, with 
appropriate normalization, as 



(III. 39) 



We have shown that two N = 2 supersymmetric systems are 
hidden in the 4d spectrum of the 5d gravity theory. It suggests 
that the system could realize some extension of the N = 2 su- 
persymmetry. One might expect that the two N = 2 supersym- 
metric systems could be embedded in an N = 4 supersymmet- 
ric one. This is not, however, the case because three-fold de- 
generacy does not match the standard supersymmetry. It may 
be necessary to search for some nonstandard extension of the 
N = 2 supersymmetry. We would like to discuss this subject 
before closing this subsection. 

To this end, let us consider a pair of the eigenfunctions /(") 
and feW which obey the equations 



H f fW=mif 



2 An) 



(111.40) 



where 



H f = D'D 



-(d z + 3A')d z , 
H, = Dtf = -{d z +A')(d z + 2A'). 



(IH.41) 



It turns out that the Hamiltonians Hf and H\ are related each 
other through the so-called intertwining relation 



sfHf = H k s/, 
where the intertwiner srf is given by 

si = DD=(d z +A')d z . 



(111.42) 



(111.43) 



If we introduce the following operators 









H k 

0' 

e/ 



J2 



Stf* 





(111.44) 



we then find the interesting relations 

= = 0, 



(111.45) 



It should be emphasized that =2 and J2 y are the second or- 
der differential operators, as opposed to the ordinary super- 
charges, and that the left-hand-side of the first equation in 
Eq. (III1.45t is given by the square of the Hamiltonian Jf? but 
not the linear of it. The system with the nonlinear algebra has 
been discussed in 115 3l \54l \55l l56l l57l l58l 15911 as an extension 
of the N = 2 supersymmetry. 

Another type of extensions of the N = 2 supersymmetry has 
also been discussed in 16011 . The system may be characterized 
by the following nonlinear relations: 



q.j2 = cd£q., n^ t = ©- 1 ^ t n, co = e 2m '/^, 
[3,jtr\ = [£ f ,jf] = o, 

[q,jt]=o. (m.46) 

The system is shown to be ^K-fold degenerate except for zero 
modes. We note that the above nonlinear algebra reduces to 
the original N = 2 supersymmetry algebra when jY — 2. Our 
gravitational system corresponds to jV = 3 and the operators 
in Eq.( IIII.46t can be realized as 



Q.= 



'tfD 
DD + 1 = 
DD^ j 

'0 D f D tN 



' D 1 D 


DD^ , 

D f 



DO 
5 



& = flt 



,DD 




co 



(111.47) 



The above operators act on three-component vectors 

(f{z)" 
<F(*) = g(z) 



(111.48) 



Since Jf? and £2 commute each other, we can have simultane- 
ous eigenfunctions of them such as 



m 1 n co 1 ' 

a^ n ] = (a l ^ n ), i = 0,1,2. 



(111.49) 
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The relations \S,Jf] = = and Q.B = (q£Q., 

= ar'^Q imply that 



m 1 co' +1 ' 

Cl)' CO' - 1 



(111.50) 



It follows that the spectrum is triply degenerate (except for 
zero modes). In terms of the eigenfunctions /w, gW and 
feW, »F ( 7 are explicitly given by 



TV 




T 



(») 




T 



(») 




(111.51) 



D. Boundary Conditions 



We have assumed in the previous subsection that the bound- 
ary conditions of /w, gW, few are given by 

<3z/ W (z)=0, 
* W (*)=0, 

(d z + 2A')k (n \z)=Q, at z = zi,z 2 , (HI.52) 
which imply that the original fluctuation fields have to obey 



d l h liv (x,z) = 0, 
hns(x,z) =0, 

(d z + 2A')(j)(x,z) =0, at z = zi,z 2 - 



(in.53) 



In five-dimensional braneworld gravity, two approaches have 
been proposed to obtain the boundary conditions. The first 
is to impose the Z2 orbifold symmetry to the equations of 
motion, and simply integrate them around the neighborhood 
of orbifold fixed points to obtain the junction conditions 
|[5lll6lll62ll63il64ll . This is the most convenient way to obtain 
boundary conditions consistent with Israel junction condition 
l65tl . It, however, seems not to be applicable to the interval 
picture (not the Z2 orbifold picture), where the extra dimen- 
sion is limited to the space between two branes and Z2 sym- 
metry is meaningless. The second is to introduce the Gibbons- 
Hawking extrinsic curvature terms 1 66] on branes and then 
obtain the boundary conditions by the variational principle 
i67i l68i l69tl . Since the boundary conditions are crucially im- 
portant to determine the spectrum, especially zero mode, it 
will be worthwhile deriving them from various different points 
of view. In this subsection, we propose the third approach to 
derive them from a supersymmetric point of view, which is 
quite different from other geometrical approaches. 
Let us start with the differential operator defined by 



H r =-(d z +(3-y)A'){d z + yA') 



(111.54) 



where Hy corresponds to the Hamiltonians for /W, gW and 
fe(") with 7=0, 3(or 1) and 2, respectively. We then require 



Hy to be hermitian, i.e. 



(W\Hy(p) = (Hy\jf\(p) 



(HI.55) 



for any functions y and <p obeying appropriate boundary con- 
ditions. The hermiticity of Hy is found to be assured if y and 
<p satisfy 

(Y(z))*dz<P{z)-(dzY{z))*<P(z)=0 at z = Zi,Zi. 

(m.56) 

The conditions can be realized only if \j/(z) (and also <p(z)) 
obeys the following boundary conditions: 7 



Kcos9iY{zi) = sin 0,<9, y/(z,), i = 1,2, 



Cm.57) 



where 0, (2 = 1, 2) are arbitrary real constants and k is a 
nonzero real constant of mass dimension one, which is intro- 
duced to adjust the mass dimension of Eq.( IIII.57b . The above 
result implies that the functions /W, gW and few have to obey 

K-cos df f (n) (zi) = sin df (Zi), (HI.58) 
re cos 0f g« (zt) = sin efd z g^ (zt), (m.59) 
K-cos e^k (n \zi) = smdfd 7 k {n) {zi), i = 1,2, (111.60) 

for some real constants 0/ , 6f , 0* (i = 1, 2). 

As was shown in the previous subsection, the eigenvalue m„ 
for /M , gW and few is three-fold degenerate. The degeneracy 
would not, however, hold for general values of d{ , df and 0* 
because the supersymmetric relations between f^ n \ gW and 
few 



d z f {n Hz) = mn gW(z), 
-(«9 z + 3A')g (n) (z)=m„/W(z), 
(a+A')g (n) (z)=m„feW(z), 
-(a + 2A')fe (n) (z)=m„gW(z) 



(111.61) 
(IH.62) 
(111.63) 
(111.64) 



are generally inconsistent with the conditions ( IIII.58I ) - 
(IIII.601 l. We should emphasize that the relations ( 1HI.61I > - 
(IIII.641 i guarantee the degeneracy of the eigenvalues for p n \ 
and few. Using Eqs. dm38l , ( ES) , fimM , we find 

-(3A'»ccos0/ + mlsmef)g {n) {zi) = K cos 6 f d-g^ {zt), 

i= 1,2. 

(m.65) 

The boundary conditions for gW ( z ) have to be independent of 
n, otherwise the superposition of gW ( z ) would be meaning- 
less. It follows that 



sin0/ = O or cos0/ = O, i = 1,2. 
The conditions lead to 

d z fW(zi)=0 and gV>(zd = 0, 



(111.66) 



(111.67) 



7 Here, we have assumed that y(zi) ar| d ¥>(zi) ws independent of vfe) and 
<p(z.2) because the extra dimension is an interval with two boundaries. If we 
allow them to relate to each other, we would have a wider class of possible 
boundary conditions [48, 49, 5(J. 
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or 

/W( Zi -)=0 and (d z + 3A')g^( Zi )=0, r= 1,2. 

(m.68) 

It may be instructive to note that the above conditions assure 

/f(") ( z )\ 

that ^Pfz) = | i ' satisfies the same boundary conditions 

\8 [ >(z)J 

as Q x V{z) and (^^(z)- I n other words, the supercharges Q 
and Q} act well-definedly on the functional space of y ¥{z), as 
they should do. 

We can repeat the same argument for g^"'(z) and A;W(z). 
For the eigenvalue m n of to be identical to that of k^"\ they 
have to be related each other through the equations (1HI.631 I 
and ( 1HI.641 >. We have already shown that the hermiticity of 
the Hamiltonians for and fcW requires Eqs. dIII.59l and 
(1HI.60I ). Those equations are compatible with the supersym- 
metric relations (IIII.63I ) and dIII.641 i only when 

g^{zt)=0 and (^ + 2A')fe (n) (zi)-0, (111.69) 

or 

(d z +A')gW(zi)=0 and feW( Zi )=0 ! i = 1,2. 

(IH.70) 

These conditions again insure that the supercharges Q and Q' 

/g(")(z)\ 

act well-definedly on the functions <E>(z) = M^(„) ^ W ' as * ;ne ^ 
should do. 

We have thus shown that candidates of possible boundary 
conditions are given by Eq.( IIII.67t or (IIII.68b . and Eq. dHI.69l 
or (|III.701 >. Each of the three combinations, Eqs. dIII.67t and 
dTfl?70l ). Eqs. dlIL68t and ( HIL691 Eqs. dIlL68l ) and dlTI770b , is, 
however, incompatible each other. Hence, we finally arrive 
at the allowed boundary conditions (1HI.521 I compatible with 
the supersymmetry, as announced before. It is interesting to 
note that for the 5d gauge theory discussed in the previous 
section there are four types of possible boundary conditions 
compatible with the N = 2 supersymmetry. On the other hand, 
for the 5d gravity theory, the boundary conditions are uniquely 
determined due to the existence of the two systems with the 
N = 2 supersymmetry. 



E. Spectrum 

In the previous subsections, we have discussed the mode 
expansions and the boundary conditions for the metric fluctu- 
ation fields. Although a number of studies have already been 
made on the 4d spectrum of the model, most of the works have 
concentrated on the physical spectrum by taking gauge fixing 
to remove unphysical degrees of freedom. In this subsection, 
we present the quadratic action for the full KK modes with- 
out gauge fixing, from which we can clearly know how to take 
the unitary gauge to express the action in terms of the physical 
degrees of freedom. 



Let us first consider the metric fluctuation field hav{x,z). 
The mode expansion of h flv {x,z) is given by 

*Mv(*.2) = £a?v(*)/ ( " ) (z). ( IIL71 ) 

n=0 

where the mass eigenfunctions /(") are defined by 

- (a + 3A')djW (z) = n&M (z) (HI.72) 

with the boundary conditions 

5 Z /W( Z )=0 at z = Zi,z 2 . (HI.73) 

It follows that the boundary conditions dIII.731 l allow /W to 
have a zero mode, i.e. 

dj./(°)(z)=0 -> / (0) = const, (111.74) 

with mo = 0. The existence of the zero mode implies a mass- 
less gravi ton hffi ,(x). The general solutions for n ^ to the 
equation dIII.721 ) with the boundary conditions dIII.731 ) are 
found to be of the form 

/W( z ) = C^z 2 (Y 1 (m„Z2)h(m n z)-h{m n z 2 )Y 2 (m n z)), 

(ni.75) 

where J v is the Bessel function of the first kind of order v and 
Y v is the Bessel function of the second kind (or the Neumann 
function) of order v. The is the (real) normalization con- 
stant which will be determined by 

M 3 jf 'dz e 3A / (m) (z)/ (n) (z) = 8 nm Mlx , (HL76) 

where 

M 2 n =M 3 r 2 dze 3A (/(°)) 2 . 

The mass eigenvalues m n are obtained from the solutions to 
the equation 

Yi(m„Z2)Ji(w„zi) - Ji(m„z 2 )Yi(m„zi) =0. (111.77) 

Let us next consider the metric fluctuation field h^s(x,z). 
The mode expansion of h^s(x,z) is given by 

hv(x,z) = £h$(x)gW(z). (ra.78) 

n=l 

Thanks to supersymmetry, the function can be obtained 

from /W (2) through the relation 

g {n Hz) = — d z f("\z) 
m„ 

= C M z 2 [Yi (m„z 2 )Ji [m n z) ~ Ji(w„z 2 )Y 1 (m„z)] . 

(111.79) 

As was noticed before, there is no zero mode for because 
a would-be zero mode solution does not satisfy the boundary 



10 



m 

A 



1)1-2 



r ' 


f 21 

g [ ' 






-\ 


- i -- 


f - 


- 1 1- 


f m 






fcW 


-1 


- 4 - - 


f - 


- 1 1- 


/( 0) 








-1 — - 






- 1 1- 



with the boundary conditions 

{d : + 2A')k {n \z)=Q at z = zi,zi. 



(111.82) 



Again thanks to supersymmetry, the functions fcW ( z ) with n 7^ 
can be obtained from /W ( z ) through the relation 

t (»)( z) = JL(^ +A ') g (»)( 2 ) 



FIG. 2: The mass spectrum of /W, g w and few. The spectrum is 
three-fold degenerate except for the zero modes. 



m„ 
1 



(d z +A')d z f^(z) 



- C^z 2 [Yi(m„Z2)Jo(w„z) - Ji(m„z 2 )Yo(m„z)] . 

(HI.83) 



conditions and hence the mode has to be removed from the 
spectrum. 

Let us finally discuss the metric fluctuation field <b(x,z). " If*! ,.• v * 

^ , J . , . , YK ' ; differential equation 

The mode expansion of (x,z) is given by 



0(*,z) = £4>W(*)&M( z ), fjn.80) 



The zero mode fc(°)(z) is given by the solution of the first order 
yential equation 

(d z + 2A')k^(z)=0 -> fc (0) (z) = a( 'z 2 , fjn.84) 



«=o 



where the mass eigenfunctions feM ( z ) are defined by 



which is consistent with the boundary conditions dIII.82t . The 
existence of the zero mode implies a massless scalar 
<j)(°'(x), which is called a radion. A typical spectrum of the 
-{d z +A%d z + 2A')&\z)=m 2 n &\z) (111.81) f unctions /M g {«) and jfc« is depicted in FIG. 



J 



Inserting the mode expansions (IIII.71I ). ( IIII.78I I and ( IIII.80b into the quadratic action ( MI. 10b and integrating out over the z 
coordinate, we have 



«=0' 



-(tj w tj vct + tj'"V - 2rj' lv 77'" 7 )(n - ml) 



n=l 



+ £-0WW[n + 2m^WW 



n=0 ' 



n=l 



h% (x) [-m n {r]Wd a + ^ a dP -2r]P a d*)]h™{x 



n=0 V 

■i tew 

n=l \ 



l p5 



(III. 85) 



To clarify the physical degrees of freedom in the 4d spectrum, we would like to take the unitary gauge, in which all unphysi- 
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cal modes are gauged away from the action and only physical 
degrees of freedom survive. To this end, let us recall linearized 
general coordinate transformations in terms of the KK modes: 

h$(x) - f$(x) = h$(x) d^\x) dv$\x) 

+ m n ^"\x)r] tiv , » = 0,1,2,-", 
h^(x)^h^(x)=h^(x)-m n ^\x)-d^ n \x), 

n = 1,2,3, ••• , 

(n) (x) -» $ {n) (x) = <j> (n) (jc) - 2m n ^f (x) , n = 0, 1 , 2, • • • . 

(III. 86) 

Here, we have expanded the gauge parameters ^(x,z) and 
^ 5 (x,z) as 



n=0 



toz) = E« 5 ( " ) w* ( " ) w- 

n=l 



(111.87) 



It follows that we can take the unitary gauge 
*${ x ) = i n= 1,2,3, 



<p {n \x)=0, n= 1,2,3, • 



with the choice 



i 



1 

2m„ 



n = 1,2,3,- 



(111.88) 

« = 1,2,3,- • • , 
(III. 89) 



We should note that the zero mode <j>(°> cannot be gauged 
away and is physical. Therefore, we conclude that the physi- 
cal degrees of freedom are given by h?l (n = 0, 1,2, •••) and 
hn\ is a massless graviton, is a real massless scalar 

that is called a radion, and h^y (n= 1,2,3, •■■) are the massive 
gravitons that can become massive by eating the unphysical 

modes and </>(") (n = 1,2,3, •••). 



An alternative way to obtain the physical degrees of freedom is to rewrite the quadratic action (IIII-85b into the following 
simple form 



where 



- Mp 



(x) 



4 



h ( 1 - h> > - 

fc (0) -/* (0) 



1 



1 



(111.90) 



« = 1,2,3,- • • 



(111.91) 



It is now clear that the action ( MI.90t (without gauge fixing) 
depends only on the fields hfy (n = 0, 1,2, •••) and Fur- 
thermore, hny (n— 1,2,3,- ■ ■ ) and (°) are invariant under the 
general coordinate transformations ( IIII.86I I and hence they are 

physical degrees of freedom. The zero mode h^l is not in- 
variant under the transformation (IIII-86b because the action 
remains invariant under the 4d general coordinate transforma- 
tions. 



IV. CONCLUSIONS AND DISCUSSIONS 

In this paper, we have investigated the 5d gravity theory 
with the Randall-Sundrum background metric without taking 
any gauge fixing and shown that the 4d spectrum is governed 
by two N — 2 supersymmetric quantum-mechanical systems. 
The N — 2 supersymmetric structure is expected to be a com- 
mon feature in any theories with local symmetries. 

In Section |nl we saw that each nonzero mode (n ^ 0) 

in) 

becomes massive by absorbing A 5 into the longitudinal com- 

(n) (n) 

ponent of A^ . A one-to-one correspondence between A^ 
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in) 

and Aj (n 7= 0) is ensured by the supersymmetry between the 
mode functions f("> and gW. Thus, the origin of the super- 
symmetry lies in the higher-dimensional gauge symmetry. 

It is now clear why the 5d gravity theory possesses two 
N = 2 supersymmetric systems in the 4d spectrum. We can 
take the gauge condition (j)^ n > —0 for n ^ by absorbing 

into the longitudinal component of . 8 The supersymmetry 

between the mode functions and k^ n > ensures a one-to-one 

correspondence between and <p("\ We can further take the 

gauge condition hj^ = for n 7^ and then fify becomes mas- 
sive by absorbing hty into fifty. The supersymmetry between 
/M and ensures a one-to-one correspondence between 

(n) (n) 

/ijjv an d "^5 • Thus, the origin of the two N = 2 supersymmet- 
ric structures lies in the higher-dimensional general coordinate 
invariance. It should be emphasized that the full supersymme- 
try is lost if unphysical degrees of freedom are removed from 
the spectrum. 

We have discussed the boundary conditions from a su- 
persymmetric point of view and succeeded to derive the al- 
lowed boundary conditions compatible with the supersymme- 
try, which are consistent with those obtained from a geomet- 
rical point of view (HH [6ll HH [6^, E3, HE E^] . It will be 
interesting to point out the difference of the allowed bound- 
ary conditions between the 5d gauge and the 5d gravity theo- 
ries. In the 5d gauge theory there are four types of the allowed 
boundary conditions. If we choose any boundary conditions 
other than the type (N, N), the 4d gauge symmetry is broken 
because no massless 4d vector appears, as depicted in FIG. 
Q] On the other hand, in the 5d gravity theory there is only a 
unique set of the boundary conditions, for which a massless 
graviton and a massless scalar appear. 

We have shown that the mass eigenvalue m„ of the mode 
functions /("', and fcW is triply degenerate (except for 
the zero modes). A pair of {f^ n \g^} form a supersymmetry 
multiplet in an N = 2 supersymmetric quantum-mechanical 
system. Furthermore, a pair of {g( n \k^} form a supersym- 
metry multiplet in another N = 2 supersymmetric one. We 
then expect that the two N = 2 supersymmetric systems would 
be embedded in a system with some extension of the N = 2 
supersymmetry. The extension cannot be, however, the stan- 
dard A^-extended one because the number of the degeneracy 
between "bosonic" and "fermionic" degrees of freedom is 
necessarily even. We have discussed two possible extensions 
JH0mmH3,miIl]l|6i- An interesting fact is that 
both of them are nonlinear extensions of the N = 2 supersym- 
metry algebra. It would be of great interest to explore possible 
extensions of the standard supersymmetry. 

Although the quantum-mechanical supersymmetry is 
shown to exist in the 4d spectrum, it does not imply that 
the theory possesses the supersymmetry because we have not 



Precisely speaking, in the gauge condition = for n ^ 0, h^l also 
absorbs <j> W through the last term in the first equation of Eq. )llI.86l . 



shown that the action is indeed invariant under some super- 
symmetry transformations. Interestingly, in [70], by taking 
the -gauge the quadratic action of the 5d gravity theory 
has been shown to be invariant under transformations that are 
closely related to the supersymmetry found in this paper. It 
is, however, unclear that the invariance preserves in the full 
action. Further study should be done. 

Our study is far from satisfactory. It will be worthwhile 
continuing further investigation on this subject. We should 
show whether or not the supersymmetric structure found 
in this paper exists in any higher-dimensional gravity the- 
ories. More importantly, we should clarify physical roles 
and importance of the supersymmetry in higher-dimensional 
gauge/gravity theories. The work will be reported elsewhere. 
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